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Abstract
We present the P(ϕ)2 model on de Sitter space in the canonical formu-
lation. We discuss the role of the Noether theorem and we provide explicit
expressions for the energy-stress tensor of the interacting model.
1 Introduction and Summary
The symmetry group of de Sitter space is the Lorentz group, so one might ex-
pect that one can easily define a relativistic quantum field theory on de Sitter
background, which shares the basic characteristics with its Minkowski space
counterpart. But there are substantial conceptual and technical obstacles, if one
wants to formulate an interacting quantum field theory on a (general) curved
space-time. If the space-time is maximally symmetric (as is the case for de Sit-
ter space), some of them can be overcome but others are so severe that they
essentially hindered much progress. Lorentzian perturbation theory is partic-
ularly effected, as its conceptual basis is invalidated: de Sitter space does not
allow a non-vanishing globally time-like Killing vector field. Hence, there is
no natural notion of energy, no mass gap in the energy-momentum spectrum (in
fact, the latter is not even defined) and no isolated mass-shells which could be
used in a perturbative approach. As a consequence, one is confronted with
severe infrared singularities, despite the fact that these should be absent 1 in a
non-perturbative approach due to the finite spatial volume of de Sitter space.
The situation is slightly better in an Euclidean approach: in a pioneering
work [6], published in 1975, Figari, Høegh-Krohn and Nappi constructed the
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1Due to an unfortunate choice of coordinates (which was adopted due to the formulation of
Osterwalder-Schrader positivity used in [6]) the absence of infrared singularities was not visible
in the non-perturbative treatment of the P(ϕ)2 model by Figari, Høegh-Krohn and Nappi [6]
published in 1975.
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Wightman n-point functions of the P(ϕ)2 model in a wedge of de Sitter space-
time from the Schwinger functions on the Euclidean sphere. While the latter
have explicit expressions in terms of Markov fields, the former are less accessi-
ble, as one is forced to rely on the intricate methods of analytically continuation
in several variables.
In this letter we will show that a direct, Lorentzian, non-perturbative ap-
proach based on group theoretic methods is feasible. For the free theory, the
representation theory of the isometry group SO0(1, 2) provides the one-particle
Hilbert space and the generators of the one-parameter subgroups implement-
ing the boosts and the rotations. Second quantisation can be used to define
canonical fields (and the associated algebras of observables) on the correspond-
ing Fock space. The generators of the one-parameter subgroups on Fock space
can be expressed in terms of the relevant conserved energy-momentum cur-
rents. Now, given the observables and the action of the symmetry group, one
may try to find a replacement for the “state of minimal energy”. In fact, the
de Sitter vacuum state for the free theory can be characterised by several criteria
which all yield the same result: the de Sitter vacuum state for the free theory is
induced by the Fock vacuum vector.
Our main result is that in 1+1 dimensions, the scalar bosonic quantum field
with polynomial interaction can as well be formulated on Fock space, and un-
derstood by exploiting group theoretic methods: just as in classical field theory,
explicit expressions for the conserved quantities (e.g., the generators of the in-
teracting boosts) of the quantum theory arise from the space-time symmetries,
due to the Noether theorem. After all, the P(ϕ)2 model on de Sitter space is,
in our opinion, the simplest relativistic quantum field theory that exists (in the
strict mathematical sense), satisfying all the basic expectations one may have,
such as finite speed of light, particle production, causality, stability of the vac-
uum and so on. It is also, by far the most explicit. As such, it is a pleasant
surprise that this model can be presented on a few pages.
With this motivation inmind, we dedicate Section 2 to a review of the classi-
cal situation. In Section 3 we present a new formulation of the free theory (first
derived in [2]), which makes it easy to add an interaction in the final section.
2 Classical Fields on De Sitter Space
In two-dimensions, de Sitter space dS can be viewed as a one-sheeted hyper-
boloid, embedded in three-dimensional Minkowski space R1+2:
dS
.
=
{
x ∈ R1+2 | x20 − x21 − x22 = −r2
}
. (1)
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A convenient coordinate system, which covers the whole de Sitter space, is
given by

x0x1
x2

 =


x0√
r2 + x20 sinψ√
r2 + x20 cosψ

 , x0 ∈ R , ψ ∈ [0, 2pi) . (2)
Expressed in the variables x0 and ψ, the metric takes the form
g =
r2
r2 + x20
dx0 ⊗ dx0 − (r2 + x20) dψ⊗ dψ .
In this letter, we consider a classical Lagrangian density L(Φ), which we view as
a 2-form,
L(Φ) =
1
2
dΦ∧ ∗dΦ− µ
2
2
Φ ∗ Φ− P(Φ) ∗ 1 . (3)
Here Φ is a real valued scalar field, the star denotes the Hodge ∗ operator, the
polynomial P is bounded from below and µ is a positive constant. The en-
suing Euler-Lagrange equation is the inhomogeneous Klein–Gordon equation:
(dS + µ
2)Φ = −P ′(Φ) , Φ ∈ C∞(dS) , (4)
where µ > 0 is the constant appearing in (3). The Noether Theorem associates
with every vector field X a conserved current ∗TX:
d
[
LXΦ∧
∂L
∂(dΦ)
− iXL
]
=: d ∗ TX = 0 .
Using the coordinates
x(t,ψ) =

cosh t 0 sinh t0 1 0
sinh t 0 cosh t


︸ ︷︷ ︸
≡Λ1(t)

 0r sinψ
r cosψ

 .
the restriction of the Killing vector field for the boosts
t 7→ Λ1(t)
on dS to the circle S1 = {x ∈ dS | x0 = 0} is given by ∂t. If one integrates ∗T∂t
(respectively, ∗T∂ψ) over the space-like surface S1, then one finds the conserved
quantities
L =
∫
S1
∗T∂t and K =
∫
S1
∗T∂ψ .
They generate the Λ1-boosts and the rotations around the x0-axis, respectively.
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Using the coordinates introduced in (2), the conserved currents
T0 ≡ T∂x0 , T1 ≡ T∂ψ ,
can be expressed in terms of the classical stress-energy tensor Tµν defined by
Tµ = Tµνdx
ν , x0 ≡ t, x1 ≡ ψ .
Tµν describes the flux of theµ-th component of the conserved energy-momentum
vector across a surface with constant xν coordinate. It is given by
T
µ
ν = ∂
µ
Φ∂νΦ− g
µκgκνL(Φ)
= ∂µΦ∂νΦ−
1
2δ
µ
ν
(
∂κΦ∂κΦ
)
+ δµν
(
µ2
2 Φ
2 + P(Φ)
)
.
Rewriting ∂tΦ as
∂tΦ = r cosψ∂x0Φ ≡ r cosψ pi , (5)
where ∂x0 is the future directed normal vector field restricted to the time-circle
x0 = 0, we find
T
0
0 =
1
2
(
pi
2 + r−2
(
∂ψΦ
)2
+ µ2Φ2
)
+ P(Φ) ,
with pi = ∂x0Φ, and
T
1
0 = r
−2∂x0Φ∂ψΦ = r
−2
pi ∂ψΦ . (6)
Integrating T00 over the time-zero circle S
1 yields (after possibly adding a con-
stant term to the interaction term P(Φ ) to ensure P(Φ) > 0) a positive quan-
tity, ∫
S1
rdψ T00(ψ) > 0 , (7)
which may be interpreted as the total energy for the classical P(ϕ)2 model on
the Einstein universe [3],[4], i.e., the space-time of the form S1×Rwith the metric
induced from the ambient Minkowski space R1+2. However, the quantity on
the left hand side of the inequality in (7) is not a conserved quantity on de Sitter
space and therefore should be disregarded.
In contrast, using (5) to replace the vector field ∂x0 by ∂t yields an explicit
expression for the generator of the boost:
L =
∫
S1
r2 cosψ dψ T00(ψ) . (8)
The corresponding expression for the angular momentum is
K =
∫
S1
rdψ T10 =
∫
S1
rdψ pi (∂ψΦ) .
We will soon encounter very similar formulas for the quantum fields.
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3 Canonical Free Quantum Fields
We will now provide a description of the quantum theory on two-dimensional
de Sitter space, which follows closely the classical theory exposed in the previ-
ous section. We start by discussing the one-particle theory, following Wigner’s
prescription to identify the one-particle space with the Hilbert space carry-
ing the unitary irreducible representation of the symmetry group. The single-
particle wave-functions on the Cauchy surface S1 = {x ∈ dS | x0 = 0} can be
viewed as elements of
H
.
= L2(S1, rdψ) .
The Hilbert spaceH carries [2] a unitary irreducible representation of SO0(1, 2)
for µ > 0 and spin zero, generated by the rotations
(
û(R0(α))h
)
(ψ) = h(ψ− α) , α ∈ [0, 2pi) , h ∈ H ,
and the boosts
û(Λ1(t)) = e
it
√
ωrcos
√
ω , t ∈ R . (9)
The symbol cos denotes the multiplication operator
(cos g)(ψ) = cosψ · g(ψ) , g ∈ H .
The Fourier coefficients ω˜(k) = ω˜(−k), k ∈ Z, of the strictly positive self-
adjoint operatorω appearing in (9) are strictly positive. They can be expressed
in terms of Γ functions:
ω˜(k) =
k + s+
r
Γ
(
k+s+
2
)
Γ
(
k−s+
2
) Γ
(
k+1−s+
2
)
Γ
(
k+1+s+
2
) . (10)
The constant µ > 0 enters only through the parameter s+. The latter is given
by
s± = −
1
2
∓ iν , ν =


i
√
1
4 − µ
2r2 , 0 < µ < 12r ,√
µ2r2 − 14 , µ >
1
2r .
(11)
For |k| large,
ω(k) ∼
√
k2
r2
+ µ2 , 1≪ k .
We note that if the time-zero circle S1 were the Cauchy surface of the Einstein
cylinder S1 × R (instead of dS), the operator ωr would be the generator of the
free time evolution. The generator of the boost,
√
ωrcos
√
ω, differs from ωr
by the inserted cosine function which takes care of the length of the Killing
vectors for the boost on dS at x0 = 0.
Given the one-particle description, we may proceed by second quantisation.
As the Fock space, we choose
Γ(H)
.
= ⊕∞n=0Γ (n)(H) ,
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with Γ (0)(H)
.
= C and Γ (n)(H), n ∈ N, the n-fold totally symmetric tensor
product ⊗s ofH .= L2(S1, dψ)with itself.
The canonical time-zero fields and the canonical momenta are expressed in terms
of creation and annihilation operators:
ϕ(ψ) =
1√
2
((
ω−
1
2a
)
(ψ)∗ +
(
ω−
1
2a
)
(ψ)
)
,
pi(ψ) =
i√
2
((
ω
1
2a
)
(ψ)∗ −
(
ω
1
2a
)
(ψ)
)
,
where the creation and annihilation operators satisfy
[
a(ψ ′), a∗(ψ)
]
= 1
r
δ(ψ−ψ ′)
as well as
[
a(ψ ′)∗, a(ψ)∗
]
=
[
a(ψ ′), a(ψ)
]
= 0. The canonical fields and
momenta satisfy canonical commutation relations. In particular,
[
pi(ψ ′), ϕ(ψ)
]
= −
i
r
δ(ψ−ψ ′) .
A unitary representation Λ 7→ U◦(Λ) of SO0(1, 2) on the Fock space is pro-
vided by second quantisation as well: the generators of the free boosts (leav-
ingW1 invariant) and the free rotations on Γ(H) are
L◦
.
= dΓ
(√
ωrcos
√
ω
)
, K◦
.
= dΓ
(
−i∂ψ
)
,
respectively. Expressing K◦ in terms of canonical fields and canonical mo-
menta, a straight forward (but rather lengthy) computation shows that
K◦ =
∫
S1
rdψ T10 , with T10 = :pi
∂ϕ
∂ψ
(ψ) : .
This expression is of the same form as the classical expression given by (6).
We can now define the Wightman n-point functions for n arbitrary points
in dS:
W(n)(x1, . . . , xn)
.
= 〈Ω◦,Φ(x1) · · ·Φ(xn)Ω◦〉 ,
with xi = Λi
(
0
0
r
)
, i = 1, . . . ,n, and
Φ(xi)
.
= U◦(Λi)ϕ(0)U−1◦ (Λi) , Λi ∈ SO0(1, 2) .
Note that this definition is consistent, as in the sense of quadratic forms we
have [2]
U◦(Λ2(t))ϕ(0)U−1◦ (Λ2(t)) = ϕ(0) ∀t ∈ R .
It remains to justify that the Fock zero-particle vector Ω◦ induces the phys-
ically relevant de Sitter vacuum state. This is not completely obvious: as men-
tioned before, there is no global time evolution on de Sitter space (in terms of a
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one-parameter group of isomorphisms) and hence no natural notion of energy.
Consequently, one can not require that the de Sitter vacuum state is a state of
minimal energy. One may still require that a de Sitter vacuum state is invariant
under the action of the Lorentz group. But in itself, this requirement does not
guarantee the necessary stability properties.
Stability of the vacuum state is a basic condition that can not simply be
abandoned. It includes stability of matter against spontaneous collapse, and it
also stipulates that the energy-momentum currents do not fluctuate in an un-
controllable manner. It thereby excludes the so-called α-vacua [1]. The geodesic
KMS condition proposed by Borchers and Buchholz ensures such stability prop-
erties: it requires that the restriction of the vacuum state to the wedge2
W1
.
=
{
x ∈ dS | x2 > |x0|
}
,
is a thermal statewith respect to the “dynamics” provided by the one-parameter
group t 7→ U◦(Λ1(t)) of boosts which leaves the wedgeW1 invariant.
The zero-particle vectorΩ◦ induces the unique3 Lorentz invariant state (not
only as Fock vector but as a state on the algebra) that satisfies the geodesic
KMS condition. For free fields, the vector Ω◦ induces also the unique Lorentz
invariant state, which satisfies the so-called Hadamard condition. The latter re-
quires that the short distance behaviour of the two-point function is equal to
that of the two-point function on Minkowski space. It was reformulated (and
renamed as microlocal spectrum condition) by Radzikowski [8] as a requirement
for the wave front set of the two-point function. The latter is nowadays widely
used for non-interacting theories on more general curved space-times. How-
ever, the advantage of the geodesic KMS condition (which explicitly refers to
de Sitter space) is that it remain meaningful for interacting theories.
4 Interacting Quantum Fields
In de Sitter space the spatial volume is compact. Thus Haag’s theorem does not
apply, and one may hope that it is possible to describe the interacting theory on
Fock space. This is in fact possible, as the ultraviolet problems are tame in 1+1
space-time dimensions. As a consequence, the interacting relativistic quantum
field theory constructed in this section is the most explicit and most accessible
we have ever encountered.
2Due to Lorentz invariance, the geodesic KMS condition applies to any wedgeW = ΛW1,
Λ ∈ SO0(1, 2), with the relevant boosts t 7→ ΛW(t) now given by ΛW(t) .= ΛΛ1(t)Λ−1,
t ∈ R.
3Uniqueness of the vacuum state for free scalar field on the de Sitter space has been established
by several authors using different but equivalent characterisations of the vacuum. If one uses the
geodesic KMS condition to characterise the vacuum state, this very condition fixes the free 2-point
function. Uniqueness of the interacting vacuum state follows from operator algebraic arguments,
see [2] for details.
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If the action of the subgroup preserving a geodesic Cauchy surface is iden-
tical to the one in the free theory, the interacting quantum fields differ from the
canonical free fields only by the action of the interacting boosts. Given a new
representationU of SO0(1, 2) (called the interacting representation), represent-
ing the interacting dynamics, we intend to proceed as in the non-interacting
case by setting
Φint(x)
.
= U(Λ)ϕ(0)U−1(Λ) , x = Λ
(
0
0
r
)
.
Note that the boost t 7→ Λ2(t) leave the point
(
0
0
r
)
invariant. Thus, in order to
guarantee that there is no ambiguity in this definition, we will have to ensure
that
U(Λ2(t))ϕ(0)U
−1(Λ2(t)) = ϕ(0) ∀t ∈ R . (12)
As soon as we have specified U(Λ2(t)), we will return to this point. Since the
rotations and the boosts t 7→ Λ1(t) generate SO0(1, 2) it is sufficient to provide
explicit expressions for the generators replacing L◦ and K◦. In fact, there is no
need to change the generator of the rotations. Just as in the free case, it is given
by K◦. Looking at the classical analog, one may expect that the generator
L =
∫
S1
r2 cosψdψ T00(ψ) ,
of the interacting boost is given by integrating the energy density T00(ψ) against
the cosine function. As in the free case, the energy density T00(ψ) is the restric-
tion of the energy density to the Cauchy surface S1, i.e.,
T 00(ψ) =
1
2
(
: pi(ψ)2 : + 1
r2
: ∂ϕ
∂ψ
(ψ)2 : +µ2 : ϕ(ψ)2 :
)
+ :P(ϕ(ψ)): . (13)
Moreover, the structure of the sum in (13) ensures that one can use the Trot-
ter product formula to show that (12) holds. Euclidean methods were used
in [2] to show that K◦ and L are self-adjoint operators on Fock space, and
that they generate one-parameter subgroups which give rise to a new (in case
:P(ϕ(ψ)): 6= 0) representation of the Lorentz group acting on Fock space, just
as we have tactically assumed at the beginning of this section.
It is important to note that the interacting quantum field Φint(x), x ∈ dS,
satisfies the covariant equation of motion on Fock space:
(
dS + µ
2
)
Φint(x) = −:P
′(Φint(x)): .
This result may be verified by explicit computation, using the fact that the dS
can be expressed in terms of the generators of the boosts and the rotations;
see [2] for details. Similar equations of motion for interacting quantum fields
on Minkowski space were derived by Glimm and Jaffe [7], Schrader [9] and,
in 2 + 1 space-time dimensions, by Feldman and Raczka [5]. However, in the
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case studied in the literature the equation of motion can not be realised in Fock
space (due to Haag’s theorem), and the meaning of the right hand side is less
evident.
The de Sitter vacuum state for the P(ϕ)2 model can again be characterised
by the geodesic KMS condition. As it turns out, it has some surprising prop-
erties. Due to the thermalisation effects introduced by the curvature of space-
time, it is unique even for large coupling constants, despite the fact that differ-
ent phases occur in the limit of curvature to zero (i.e., the Minkowskian limit).
As the ultraviolet problems are tame in 1 + 1 space-time dimensions and the
spatial volume is compact, the interacting de Sitter vacuum state is induced by a
vector in Fock space:
Ω =
e−piHΩ◦
‖e−piHΩ◦‖ , (14)
where
H := L◦ +
∫pi
0
r2 cosψdψ :P(ϕ(ψ): .
The formula (14) is well known from the perturbation theory of thermal equi-
librium states. By construction, we have LΩ = 0. What is less evident is that
the vector Ω is also invariant under rotations. This can be seen by using a
Feynman-Kac formula to define a rotation invariant Euclidean vacuum state
on the Euclidean sphere starting from (14), see [2].
5 Summary
We have constructed the Fock space associated to the geodesic Cauchy surface;
thus in contrast to many other works in the literature, our description covers
the whole de Sitter space and not just the region accessible to a single observer.
We have shown that the interacting field is well-defined, as an operator valued
distribution acting on the Fock space of the freemassive scalar field, as it differs
only by the adjoint action of a unitary operator from the free time-zero field.
We have stated the equation ofmotion, which the interacting field satisfies, and
we have provided explicit expressions for the generators of the boosts and the
rotations, generating a representation of the space-time symmetry group, in
terms of (normal ordered) free time-zero fields (and their derivatives), which
are similar to the corresponding classical expressions provided by the Noether
theorem. Finally, we have also provided explicit formulas for the de Sitter
vacuum states, which in both the free and the interacting case are induced by
vectors in Fock space, and which in both cases enjoy stability properties that
make them unique.
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